Abstract. Let I be a finitely supported complete m-primary ideal of a regular local ring (R, m). We consider singularities of the projective models Proj R[It] and Proj R[It] over Spec R, where R[It] denotes the integral closure of the Rees algebra R [It]. A theorem of Lipman implies that the ideal I has a unique factorization as a * -product of special * -simple complete ideals with possibly negative exponents for some of the factors. If Proj R[It] is regular, we prove that Proj R[It] is the regular model obtained by blowing up the finite set of base points of I. Extending work of Lipman and Huneke-Sally in dimension 2, we prove that every local ring S on Proj R[It] that is a unique factorization domain is regular. Moreover, if dim S ≥ 2 and S dominates R, then S is an infinitely near point to R, that is, S is obtained from R by a finite sequence of local quadratic transforms.
Introduction
Let (R, m) be a regular local ring of dimension at least 2. A regular local ring S that dominates R is infinitely near to R if dim S ≥ 2 and S may be obtained from R by a finite sequence (possibly empty) of local quadratic transforms. An infinitely near point S to R is a base point of an ideal I of R if the transform I S of I in S is a proper ideal of S. The set of base points of an ideal I of R is denoted BP(I), and the ideal I is said to be finitely supported if the set BP(I) is finite.
The infinitely near points to R form a partially ordered set with respect to domination. The regular local ring R is the unique minimal point with respect to this partial order. For an ideal I of R, the set BP(I) of base points of I is a partially ordered subset of the set of infinitely near points to R. If the set BP(I) is finite, we refer to the maximal regular local rings in BP(I) as terminal base points of I. If I is a finitely supported ideal, then results of Lipman [10, Prop. 1.21, Cor. 1.22] imply that dim S = dim R and S/I S is Artinian for each base point S of I. In particular, the ideal I is m-primary. On X 1 , we blow up the ideal sheaf that is the product of the ideal sheaves that correspond to the points S 1 ∈ Γ ∩ X 1 to obtain the regular model X 2 . There exist associated projective morphisms X 2 → X 1 → Spec R. We continue this process to obtain the regular model X Γ and projective morphism X Γ → Spec R in which each of the infinitely near points in Γ has been blown up.
Let S be a regular local ring infinitely near to R. If S = R, then S is infinitely near to a point on Proj R[m t]. More generally, if S is a regular local ring infinitely near to R, then S is infinitely near to a point on X Γ if and only if S is not a base point of I, that is, if and only if S / ∈ Γ. 1 We are using the language of Section 17, Chapter VI of Zariski-Samuel [17] . Thus, for R a subring of a field K and A a finitely generated R-subalgebra of K, the affine model over R associated to A is the set of local rings AP , where P varies over the set of prime ideals of A. A model M over R is a subset of the local subrings of K that contain R that has the properties: (i) M is a finite union of affine models over R, and (ii) each valuation ring of K that contains R dominates at most one of the local rings in M . This second condition is called irredundance. A model M over R is said to be complete if each valuation ring of K that contains R dominates a local ring in M . The model M is said to be projective over R if there exists a finite set a0, a1, . . . , an of nonzero elements of K such that M is the union of the affine models defined by the rings Ai = R[ ], i = 0, 1, . . . , n. The models we consider are either affine or projective models over a Noetherian integral domain R. In the language of schemes, these models correspond, respectively, to affine or projective schemes over Spec R.
The model X Γ and projective morphism X Γ → Spec R have the property that for each finitely supported ideal J of R such that BP(J) ⊆ Γ, there exists a morphism f : X Γ → Proj R[Jt] that gives the following commutative diagram:
Remark 1.2. Let R be a regular local ring with dim R ≥ 2. A finite set Γ of points infinitely near to R is the set of base points of a finitely supported ideal of R if and only if the set Γ satisfies the following conditions.
(1) R ∈ Γ, (2) For each S ∈ Γ, we have dim S = dim R, and (3) For each S ∈ Γ, each of the regular local rings in the unique chain of local quadratic transforms from R to S is in Γ.
Fix a finite set Γ of infinitely near points to R that satisfies these 3 conditions. For each R i ∈ Γ, let P i denote the special * -simple ideal associated to the pair R ≺ R i Definition-Remark 1.3. Let I be a finitely supported ideal of a regular local ring R. We say the morphism f :
We say that the ideal I has a saturated factorization if Proj R[It] is the regular model X Γ , where Γ := BP(I). In the case where dim R = 2, this terminology is equivalent to that used in [4, Def. 5.11] . As observed in Remark 1.2, there exist finitely supported ideals I * such that BP(I * ) = BP(I) and Proj R[I * t] = X Γ .
In Section 2 we obtain in Corollary 2.8 the following result: We follow the notation of [10] . For a Noetherian local domain (R, m), we denote by ord R the order function defined by the powers of m. If R is a regular local ring, or more generally if the associated graded ring of R with respect to m is a domain, then ord R defines a rank 1 discrete valuation on the field of fractions of R. For an ideal I in a Noetherian domain, we denote by Rees I the Rees valuations of I. For ideals I and J of an integral domain R, their * -product, denoted I * J, is the integral closure IJ of their ordinary product. For an ideal I of a UFD R with ht I ≥ 2 and S a UFD overring of R with the same field of fractions, the transform of I in S, denoted I S , is a −1 IS, where aS is the smallest principal ideal of S containing IS. Discussion 1.6. Let I be a finitely supported complete m-primary ideal of a regular local domain (R, m) and let Γ := BP(I). We have:
(1) If dim R = 2, then associated to each simple complete ideal factor J i of I, there exists an infinitely near point R i ∈ Γ such that J i = P RR i is the special * -simple ideal associated to the pair R ≺ R i [10, Prop. 2.1]. Furthermore, (2) In the case where dim R ≥ 3, Rees I ⊆ {ord R i | R i ∈ Γ} [5, Prop. 4.3] . A special * -simple ideal P RR i associated to an infinitely near point R i contains ord R i , but it often contains additional Rees valuation rings ord R j with R j ∈ Γ and R j = R i .
(3) If I has saturated factorization, then Rees Proof. Since I is m-primary and S ∈ Proj R[It], the ideal m S has height one. Since S is a UFD, m S = ρJ, where ρ is a nonzero nonunit of S and either J = S or J is an ideal of S with ht J ≥ 2. Since V dominates S and m V is the maximal ideal of V , we must have m V = ρV and J = S. 
Rees I Assume that S has torsion divisor class group. As in the previous case, suppose that m S is not principal. Since ht m S = 1, there exists an integer n > 0 such that m n S = ρJ for some element ρ ∈ S and some ideal J of S, where either J = S or ht J ≥ 2. Since S is a local domain, invertible ideals in S are principal. Moreover, if a power of an ideal is invertible, then the ideal is invertible. Thus the condition that m S is not principal implies that m n S is not principal, so J is a proper ideal of S. By the same argument as the previous case, it follows that V is a Rees valuation of m n I. By Lemma 2.3, we have V = ord R . This implies that S ⊂ ord R and that ord R / ∈ Rees I, which completes the proof. Proof. By Lemma 2.4(1), m S is principal, so there exists a unique regular local ring (1) The set Rees I of Rees valuation rings of I is a nonempty subset of the set Hence there exists a nonmaximal prime ideal P of T such that m S ⊂ P , and T P ∈ X Γ is a regular local ring in the fiber of f over S with dim T P < dim S. If dim S = 2, then T P is a DVR in X Γ that dominates R. This implies that T P = ord R i , where R i is one of the finitely many base points of I. Thus has only finitely many singular points.
Without assuming that each ord R i is a Rees valuation of I, let S ∈ Proj R[It] be a local domain of dimension at least 2 that dominates R. Then S ∈ X Γ if and only if S is infinitely near to R. This follows because each local domain T ∈ X Γ that dominates R is infinitely near to R and if T dominates S, then the unique finite sequence of local quadratic transforms of R to T goes through S if and only if S is infinitely near to R. Thus if S is infinitely near to R and T ∈ X Γ dominates S, then either S = T or T = S is infinitely near to S. But if T is infinitely near to S, then S must be one of the base points R i , which it is not since S ∈ Proj R[It].
We conclude that f : X Γ → Proj R[It] is biregular at S for every local ring S ∈ Proj R[It] that is infinitely near to R, and the following are equivalent:
(ii) Each local ring S on Proj R[It] with dim S ≥ 2 that dominates R is an infinitely near point to R. (1) If R i ∈ BP(I) is such that ord R i ∈ Rees I, then for each regular local ring 
These equivalent conditions imply that Proj
Proof. The statement about ord R i in Item 1 follows directly from Theorem 2.5. For a local ring T on X Γ such that T ⊂ ord R i , let S denote the local ring on Proj R[It] dominated by T . The localization of S at the center of ord R i is equal to the local ring on Proj R[It] dominated by ord R i . Thus a localization of S is not a UFD, so S is not a UFD. {A P | P ∈ Spec A and P ∩ S λ = ∅ for some λ ∈ Λ}. 
If ord R i ∈ Rees I for each R i ∈ Γ, then we have
(1) For each local domain S ∈ Y and each T ∈ g −1 (S), the ring T is a sublocalization over S. Proof. Let T ∈ g −1 (S) and let A = h(S) be the local ring on Proj R[It] dominated by S. We have injective birational local homomorphisms A ֒→ S ֒→ T of normal Noetherian local domains. We prove that T is a sublocalization of S. Since S and T are normal Noetherian domains, it suffices to show that T p = S p ∩S for each height one prime p of T . By construction of X Γ , either
In the case where T p = R p ∩R , it follows that T p = S p ∩S . In the case where T p = V i , let m V i denote the maximal ideal of V i . Since V i is a Rees valuation ring of I, it follows that A m V i ∩A = V i . Thus
is a height 1 prime of S. Therefore T is a sublocalization of S. This proves item 1.
If S has torsion divisor class group, then every sublocalization of S is a localization of S, cf. [7, Cor. 2.9] . Since S and T are local and S ֒→ T is a local homomorphism, if T is a localization of S, then S = T . This proves item 2.
Item 3 is the contrapositive of Item 2. Proof. If S is not contained in any ord R i , then S is a localization of R and there is nothing to show, so assume S is contained in ord R i for some fixed i. It follows that IS is principal, say IS = aS, and aS has only one minimal prime p, where p is the center of ord R i . Therefore aS = p (n) for some positive integer n. Since S[
1 a ] is a localization of R, it is a UFD, so the divisor class group of S is generated by the classes of minimal primes of aS. Therefore the divisor class group of S is torsion, so the claim follows from Theorem 3.2.2. 
has a factorization as a product of special * -simple complete ideals with possibly some negative exponents. For each terminal base point R n the special * -simple ideal P RRn must occur with a positive exponent. Since V n ∈ Rees P RR N , it follows that V n = ord Rn ∈ Rees I for each terminal base point R n of I. For each R j ∈ Γ, the
implies that S j = V j if S j is a UFD. Hence V j ∈ Rees I in this case.
In Example 6.6, we present an example where ord R i ∈ Rees I for each R i ∈ Γ and Proj R[It] has precisely one singular point.
Fix a local domain S ∈ Proj R[It] that dominates R. We observe the following:
(1) Since I is m-primary, the minimal primes P of IS are the same as the minimal primes of m S. Since IS is principal, each minimal prime P of IS has ht P = 1. Since S is normal, S P = V is a DVR and V ∈ Rees I. Thus the association of a minimal prime P of IS or m S with the localization S P = V yields a one-to-one correspondence between the minimal primes P of I and the DVRs V ∈ Rees I such that V contains S. T with dim T = dim S and local domains T with dim T < dim S. To see that
be a strictly ascending chain of prime ideals of S of length equal to dim S.
By [12, (11.9) ], there exists a valuation domain W that has prime ideals lying over each prime ideal in this chain. Let T be the local ring on X Γ dominated by W . Then T ∈ f −1 (S) and we have dim T ≥ dim S since T contains a chain of prime ideals of length dim S that contract in S to distinct prime ideals. Since S is Noetherian, we also have dim T ≤ dim S,
Assume that S = T and let I * be an ideal in R such that I * has a saturated factorization and BP(I * ) = BP(I). Let a ∈ I * be such that aT = I * T and let A := S[I * /a]. We have S ֒→ A ֒→ T and T is a localization of A at a maximal ideal P , where P ∩ S = m S is the maximal ideal of S. Since R[I * /a] ⊂ S[I * /a], we have A Q ∈ X Γ for each Q ∈ Spec A. As in Remark 2.7, the ideal m S T is contained in a nonmaximal prime ideal of T . Hence there exists a prime ideal Q of A such that Q ∩ S = m S and Q P . Thus the ring A/ m S A has positive Krull dimension, and is a finitely generated algebra over the residue field of S. Therefore Spec(A/m S A) is infinite and hence the fiber f −1 (S) is infinite. 
Ideals that have a saturated factorization
Discussion 4.1. Let (R, m) be a regular local ring and let I be a finitely supported complete m-primary ideal. Let BP(I) be the base points of I and enumerate the base points as R = R 0 , R 1 , . . . , R n . For i ∈ {0, . . . , n}, let P i denote the special * -simple ideal of R associated to the pair R ≺ R i . We consider the following properties the ideal I may have. Each of the enumerated properties implies that I has a saturated factorization, that is Proj R[It] is regular and is equal to X Γ .
(1) The product P 0 * P 1 * · · · * P n divides I in the sense that there exists an ideal J of R such that P 0 * P 1 * · · · * P n * J = I.
(2) For each R i ∈ BP(I), the special star-simple ideal P i divides I.
(3) The product P 0 * P 1 * · · · * P n divides I k , for some positive integer k. 
Thus R 1 and R 3 are in the first neighborhood of R and R 2 and R 4 are in the second neighborhood of R.
The special * -simple ideals P i associated to the pairs R ≺ R i are P 0 = m,
The product P 2 * P 4 = P 2 P 4 is divisible by m 2 and has a factorization J * m 2 = J m 2 , where J := (xz, y 2 , z 3 , yz 2 , x 2 y, x 3 )R. By an argument similar to [6, Example 4.18], the ideal J is a * -simple ideal that is not a special * -simple ideal. The ideal J has two Rees valuations, Rees J = {ord R 2 , ord R 4 }, the order valuations of R 2 and R 4 . Consider the ideal Each of the ideals P 2 and P 4 divides I, so I satisfies Condition 2 of Discussion 4.1.
Since ord R (P 1 * P 2 * P 3 * P 4 ) = 6 > ord R I = 5, the * -product P 1 * P 2 * P 3 * P 4 does not divide I. Hence, a fortiori, m * P 1 * P 2 * P 3 * P 4 does not divide I, so the ideal I does not satisfy Condition 1 of Discussion 4.1.
In Example 7.1, we examine singularities of the * -simple monomial ideal J of Example 4.2.
Blowups of ideals with only two base points
We consider in this section the case where a finitely supported ideal has two base points and no residue field extension. x , . . . ,
,...,
The special * -simple ideal associated to R as an infinitely near point to itself
is the maximal ideal m of R. The special * -simple ideal associated to R ≺ R 1 is 
where {p} denotes the Zariski closure of the point p.
To establish the fact stated above, let T ∈ Proj R[P 1 t] be a local ring birationally dominating R such that T ⊂ ord R . We show that f is biregular at T . Let q denote the center of ord R 1 on T and let P 1 T = aT = q (2) . For each height 1 prime ideal p
] is a Noetherian normal domain and q is the unique minimal prime ideal of aT , the ring T [ ] is a UFD and the divisor class group of T is generated by the divisor class of q. Since q (2) = aT is principal, it follows that the divisor class group of T is a torsion group. By Lemma 2.4, m T is principal. Since Proj R[m P 1 ] = X Γ , it follows that T is on X Γ , so T is regular and f is biregular at T .
We conclude that the fiber with respect to f : In the case where dim R = 2, the local domain S is the unique singular point of Proj R[P 1 t]. The fiber f −1 (S) consists of the infinitely near points in the first neighborhood of R other than R 1 and the point R[
is the unique point in the first neighborhood of R 1 that is contained in ord R 0 . In classical terminology, this point is said to be proximate to
In the case where dim R = n ≥ 3, the local domain S is no longer the unique singular point of Proj R[P 1 t]. We have dim S = 2, and the singular locus of Proj R[P 1 t] is of dimension n − 2.
In Example 5.3, the powers of the maximal ideal of the local domain S define a valuation ring ord S and ord S = ord R 0 . This motivates us to ask: Proof. Let a ∈ R. Since S dominates R, ord R a ≤ ord S a, and since V dominates S, we have ord S a ≤ ord R a, so ord R a = ord S a. Thus ord R = ord S on their common field of fractions, so V is the order valuation ring ord S .
Finitely supported ideals having the same Rees valuations
The examples we present in this section have 3 base points with the base points linearly ordered. We describe the blowups of all the complete ideals having precisely these 3 points as base points.
Steven Dale Cutkosky remarks in [2] that a birational morphism between 2-dimensional normal schemes that is an isomorphism in codimension one must be an isomorphism by Zariski's main theorem. In Example 2 on page 37 of [2] , Cutkosky presents an example of an infinite set of normal ideals in a 3-dimensional regular local ring that have the same Rees valuations, but have the property that the blowups of the ideals are pairwise distinct. In Example 6.6, we present an example of normal ideals J ⊂ I of a 3-dimensional regular local ring R that have the same Rees valuations, the ideal J is a multiple of I and Proj R[Jt] = X Γ is regular while Proj R [It] has one singular point. 
where R 1 with maximal ideal m 1 is as in Setting 5.1. Thus
where N 2 := (
For i ∈ {0, 1, 2}, let P i denote the special * -simple ideals associated to the extension R 0 ≺ R i . We list generators for the ideals P i and the values of the variables with respect to the order valuation rings ord R i . If d = 2, we have (1) Assume in the factorization I = m i * P j 1 * P k 2 that i and j are both positive. Then I has a saturated factorization, i.e., Proj R[It] = X Γ . We may take i = j = k = 1. The ideal m * P 1 * P 2 = m P 1 P 2 gives the blowup.
(2) Assume in the factorization I = m i * P j 1 * P k 2 that i > 0 and j = 0. The ideals m i P k 2 for i and k positive all have the same blowup. Thus we may assume i = k = 1. The ideal m * P 2 = m P 2 gives this blowup. (4) Assume in the factorization I = m i * P j 1 * P k 2 that i = 0 and j > 0. The ideals P j 1 * P k 2 with j and k both positive all have the same blowup. Thus we may assume j = k = 1. The ideal P 1 * P 2 = P 1 P 2 gives this blowup.
The four models and the natural morphisms among these models are displayed in Diagram 6.2.
There are significant differences between the case where dim R = 2 and the case where dim R ≥ 3 that are related to the fact that Rees
In Example 6.3 we describe the situation where dim R = 2.
Example 6.3. Assume notation as in Setting 6.1 and that dim R = 2. Thus P 2 = (x 3 , x 2 y, y 2 )R and Proj R[P 2 t] has 2 singular points
and
.
The local domain S 0 ∈ Proj R[P 2 t] is dominated by ord R and S 1 ∈ Proj R[P 2 t] is dominated by ord R 1 . The divisor class group Cl(S 0 ) is a cyclic group of order 3, and the divisor class group Cl(S 1 ) is a cyclic group of order 2. The local domains S 0 and S 1 are both localizations of the affine chart R[ (1) The morphism φ P 1 is an isomorphism off the fiber φ
(2) The morphism φ m is an isomorphism off the fiber φ −1 m (S 0 ).
(3) The morphism f P 1 is an isomorphism off the fiber f
(4) The morphism f m is an isomorphism off the fiber f −1 m (S 0 ). This completes our description of the case where dim R = 2.
Assume that dim R = 3. In Examples 6.4, 6.5, and 6.6, we consider the models obtained by blowing up the ideals m P 2 , P 2 , and P 1 P 2 , respectively. Example 6.4. Assume notation as in Setting 6.1 with dim R = 3. Consider the ideal I = m P 2 and its blowup
The transform of I in R 1 is the ideal
and I 1 is the special * -simple ideal associated to the pair R 1 ≺ R 2 , see [10, Prop. Example 6.5. Assume notation as in Setting 6.1 with dim R = 3. Consider the ideal P 2 , where
is the special * -simple ideal associated to the extension
We consider affine charts of Proj R[P 2 t] and examine their singularities. The ideal (y 2 , xz, z 2 , x 3 )R is a monomial reduction of P 2 . It suffices to consider the affine charts R[
ρ ], where ρ ∈ {y 2 , xz, z 2 , x 3 }. We have the four affine charts:
The affine chart A = R[ y 2 )A and checking that the ring we obtain is regular, we conclude that m A is the unique singular point of A. We compute that S := A m A is a 3-dimensional Cohen-Macaulay normal local domain of embedding dimension 6 and multiplicity 4 where, for instance, ( z y , x 3 y 2 , y − xz y 2 )S is a system of parameters for S. The ring A is also an affine chart for Proj R[P 1 P 2 t] and S is the unique singular point of the model Proj R[P 1 P 2 t]. We examine this in more detail in Example 6.6.
The affine chart C = R[ Example 6.6. Assume notation as in Setting 6.1 with dim R = 3 and let
Let J := m P 1 P 2 = m I. By Remark 1.2 the ideal J has a saturated factorization, i.e., R[Jt] = X Γ . We have Rees I = Rees J = {ord R 0 , ord R 1 , ord R 2 }. We compute that Proj R[It] is normal and has precisely one singular point.
We use that K := (z 3 , xz 2 , xyz, y 3 , x 3 y, x 5 )R is a monomial reduction of I and check the affine charts associated to each of the monomial generators of K. The
y 2 ] is the only affine chart that has a singularity. We compute that the affine chart A is a 3-dimensional normal domain, and prove below that the maximal ideal m A := (m, Observe that ord R 0 and ord R 2 contain A, but ord R 1 does not. The center of ord R 0 on A is the height-one prime ideal p 0 := (m, xz ] is principal. In particular, we have m A q is principal. Therefore, A q is on the regular model X Γ and hence is regular.
Assume now that dim R = d ≥ 4 and denote m = (x, y, z 1 , . . . , z d−2 ). The structure of the special * -simple ideal P 2 is similar to the 3-dimensional case, but with more generators as we increase d. The minimal number of generators of P 2 is the same as that for m 2 . The difference between m 2 and P 2 is that x 2 is replaced by x 3 and xy by x 2 y. Thus if dim R = d, then elements. We have Rees P 2 = {ord R 2 , ord R }.
As in the case where dim R = 3, the affine chart A := R[ y )A. Notice that P 1 A = yA, thus A is also an affine chart on Proj R[P 1 P 2 t]. We have ord R 0 and ord R 2 contain A, while ord R 1 does not. The center of ord R 0 on A is the height-one prime ideal p 0 := (x, y, Let R be a regular local ring with dim R ≥ 2, and let Γ be a finite set of infinitely near points to R that satisfies the 3 conditions of Remark 1.2 and thus is the set of base points of a finitely supported ideal of R. We ask: Question 7.3. Among the finitely supported ideals I of R with BP(I) = Γ, how many distinct projective models Proj R[It] exist? If Γ has 1 terminal point and n points which are not terminal points, are there precisely 2 n distinct such models?
